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Hedging options is a common practice to reduce or specify the risk of an option position. In most 
institutions it takes place daily. The hedge coefficients used are often determined by the Black 
Scholes option pricing model and are commonly referred to as the “greeks”. Although the flaws 
of the Black Scholes model are well known, the model is still extremely useful and the most 
commonly used approach. The hedge error is defined as the difference in the profit and loss of 
the option position and the hedge position. Hedging an option reduces the volatility of an option 
position. In practice, the volatility of the position cannot be reduced to zero. This thesis studies 
the remaining volatility known as hedge error. This thesis examines how moneyness and tenor 
affect hedge error in order to help a trader manage the hedge error. Secondly, this thesis 
investigates which subset of the greeks provides an optimal and economically significant 
reduction in volatility. Corn, lean hogs, and crude oil are the three commodities that are 
investigated in this thesis. The results are additionally separated into puts and calls. The results 
show that as an option is further out-of-the-money, the hedge error increases by an economically 
significant amount. Second, this research finds only marginal volatility reduction is achieved by 
hedging rho, interest rate risk. However, incorporating a gamma and/or vega hedge significantly 
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Option trading provides a mechanism to create non-financial leverage in a portfolio. 
Financial institutions often carry large option positions to modify the returns distribution of their 
underlying position. They closely monitor and hedge their risks each day to manage return 
volatility. Option hedging is used to reduce or achieve a specific risk of an option position. 
Beyond ordinary price risk faced in trading the underlying asset, option prices can vary from 
changes in other parameters. Option traders mitigate these risks by hedging their positions using 
models that relate to the relationship between the underlying asset and its option. Often when 
traders hedge option positions day-to-day, they experience hedge error which will affect a 
trader’s profit and loss (P&L). Hedge error is defined as the difference between the change in the 
value of the option and the change in the value of the hedge portfolio. This hedge error can be 
attributed to discretization, transaction costs, frequency of hedging, errors in the calculation of 
the hedge coefficients, and other factors. Hedge error, the volatility that remains after hedging an 
option position, is not well understood in commodity markets and represents unmanaged risk in a 
trader’s portfolio. Understanding the factors that impact or cause the error would be very 
valuable to a trader. Secondly, it would be useful to understand the volatility reduction that is 




This research examines the effects of moneyness and time-to-expiry (TTE) on next day 
hedge error for corn, lean hogs, and crude oil. It additionally investigates the effect of USDA 
announcements on hedge error in corn. This thesis investigates which subset of the greeks 
provides an optimal and economically significant reduction in volatility. 
In order to fully understand the risk profile of an option, one must first understand the 
factors that influence its price. The “Greeks” refer to an estimate of an option’s sensitivity to 
changes in the parameters which determine the price. The estimates for the greeks are most 
commonly derived from the Black Scholes option pricing model. If the Black Scholes model 
were perfect, then there would not be any hedge error. However, its flaws are well known, option 
traders rely on heuristic adjustments in order to compensate for the shortfalls of the Black 
Scholes model (Haug and Taleb, 2011).  
Many of the errors in the BS model result from the assumptions used to derive its closed 
form solution. Blattberg and Gonedes (1974) show that the volatility of an asset’s price is time-
varying. Macbeth and Merville (1979) show that implied volatility surfaces have a skew to them 
and are not constant across strikes. Another potentially incorrect assumption of the BS model is 
that of log-normal returns. Black Scholes assumes a log-normal risk-neutral valuation measure 
(RNVM). Sherrick et al. (1996) seek to find an improved RNVM. Using soybean option data 
from March 1988 to March 1991, the authors conclude that the Burr type III distribution best fits 
the data. This study shows how the assumptions for the BS greeks could impact hedge error. 
These articles, cited above, are examples from many studies that examine violations in basic 
Black Scholes assumptions.  
These theoretical flaws have implications in the application of option hedging. Leland 
(1985) develops a hedging strategy that accounts for transaction costs. In essence, Leland 
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modifies the volatility measure depending on the rate of transaction costs and the interval in 
which the option is hedged. Later, Zhao and Ziemba (2007) show using a simulation model that 
even under the same assumptions, the Leland hedge measures would not perfectly hedge the 
option positions. The authors find that it is better to hedge in-the-money calls less frequently, 
while out-of-the-money calls require more frequent hedging than the Leland model would 
suggest. They also demonstrate that the reverse is true for puts.  
Hutchinson Et al. (1994) question the hedging effectiveness of Black Scholes compared 
to a learning network. They assess whether network pricing formulas may be more accurate and 
measure the hedge or tracking error as a summed P&L in a hedge portfolio over time. Using 
options on S&P 500 futures, the study shows that the learning network exhibits less hedging 
error than Black Scholes based approaches alone. 
 Bakshi et al. (2000) study the hedging implications of using different models. They 
suggest that “once the model has accounted for stochastically varying volatility, allowing interest 
rates to be stochastic does not improve pricing performance any further, even for long-term 
(greater than a year) options”. This finding is contrary to the belief that the long-term options are 
sensitive to variations in the interest rate.  They also find that the stochastic volatility model is 
the best for hedging when compared to the other models studied. These other models include 
Black Scholes, stochastic volatility, stochastic volatility with stochastic interest rates, and 
stochastic volatility with jumps. 
Angelini and Herzel (2010) conclude that the choice of model parameters impacts 
hedging performance more than the hedging strategy. Renault and Touzi (1996) conclude that 
the implied volatility smile affects hedging error. They show that a volatility smile leads to in-
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the-money (ITM) options that are under hedged and out-of-the-money (OTM) options over 
hedged. 
The Black Scholes model assumes continuous costless delta hedging to mitigate the risk 
of the option position. However for many reasons, this is not possible. Delta refers to an option’s 
sensitivity to a change in the value of the underlying. To address this fact, Hull and White (2017) 
utilize data to calibrate a new measure of the greeks. The objective of their research is to create a 
measure of delta which minimizes portfolio variance. The portfolio in this instance is an option 
position and an offsetting position in the underlying. They find that the minimum variance 
measure improves delta hedging of calls substantially and puts slightly relative to using BS 
measures of delta.  
Option trading and hedging have implications for the markets, and its impact is studied 
by Li and Almgren (2016). The hypothesis they test is that buy-side traders buy options in order 
to hedge exogenous risk, thus they do not hedge the observed underlying position. Sell-side 
traders are assumed to hedge the position in the underlying thus creating an asymmetric effect on 
the price of the underlying. This asymmetric response to the option trade causes an increase in 
the realized volatility of the underlying. Similarly, the sell-side trader will raise their implied 
volatility price in order to offset the buy-side demand. These trades are assumed to be large 
enough to have a measurable effect. Although the authors do not provide empirical evidence of 
the hypothesis, they do theoretically support their assertion. 
Research in the derivatives area continues to grow. Many academic studies discuss new 
pricing models, hedging strategies, derivative instruments, and more. Most of the work around 
derivatives hedging examines the effectiveness of hedging with deltas derived from alternative 
models. These results are often benchmarked to the delta derived from Black Scholes. This thesis 
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examines a larger subset of the greeks beyond delta and measures the impact of hedging those 
additional greeks. All greeks in this thesis are derived using the Black Scholes model. 
 Many traders use options to manage different exposures. In the process of their hedging, 
they face hedge error. Understanding the hedge error will give the trader an improved 
understanding of the overall volatility of their strategy.  
Option market makers play a crucial role in the ecosystem of the derivatives markets. 
They provide liquidity across all strikes and expiries throughout each trading day. The job of the 
market maker is to set bids and offers in a risk-neutral manner to satisfy market demand. Their 
edge is in the bid-ask spread quoted around a theoretical price. Through the flow of orders, 
which are executed against their bids and offers, the market maker must choose which risks to 
keep and which to hedge away. This research is most applicable to market makers as they wish 
to simply minimize the risk of their option portfolio. This thesis examines what impacts the 
remaining risk after hedging and how to most efficiently achieve a minimum risk.  
Lastly, understanding the errors could also lay the groundwork for different models to 
estimate the greeks. Many large option trading firms derive in-house measures for everything 
related to their trading operations, such as greeks, implied volatility skew measures, futures term 
structure measures, and so forth. One goal of this thesis is to help those in the industry 
understand how to anticipate hedge error. This research will also help traders decide which 










2.1 Data Introduction: 
This research uses daily option settlement data for three major commodity futures 
contracts that are traded at the CME Group: corn, lean hogs, and crude oil. CME Group is the 
largest derivatives exchange in the world, and on average, clears US $35.1 billion (notional) in 
exchange-traded agricultural derivatives each day. Approximately 16.4% of that volume is done 
in the option markets. The energy derivatives market at CME clears US $106.7 billion (notional) 
daily on average with approximately 8.7% of the volume through the option markets. The 
analysis of the hedge error in this thesis requires a significant number of strikes in order to 
accurately measure the effect of the hedging parameters. 
The strike selection process was based on gathering as many strikes symmetrically to the 
futures. The sample size was limited to assure that the implied volatility was computable. If an 
option is too far into the money, a one-tick perturbation could change the implied volatility 
estimate drastically thus making it not useful. Options tend to have greater volume and trade 
more strikes as a contract nears expiration. To reflect this effect, the strike selection process 
expanded the number of strikes when a contract got within a certain number of days to expiry 
(futures contract expiration). For corn this number was 100 days, 100 days for hogs, and 50 for 
crude oil. An example of how the strikes were selected for a selection of days is in figure 1. The 
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red dots represent strikes selected on a given day and the black line represents the futures price 




The selection of trading days was based on gathering a significant number of strikes per 
day. For corn and hogs, it was determined that there is a sufficient amount of volume trading on 
enough strikes within a year of expiry. For hogs, the sufficient volume was an average of 200 
options traded per day across all strikes for one particular expiry. For corn, it was 1,000 option 
contracts. Crude options do not trade as far out as corn and hog options, thus a smaller number of 
trading days is used. Secondly, options too close to expiry have little time value and suffer the 
same implied volatility estimation problem as deep-in-the-money options. As a consequence, the 
last 15 days of trading are not used for corn, 40 days for hogs, and the final 18 days for crude.  
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There is no volume filter applied to this study. For practical purposes, if someone trades 
an option and they are hedging the position and the same strike does not trade, then the 
settlements still represent important information as the trader will still incur some hedge error. 
The daily time interval was chosen because most option portfolios are hedged and 
monitored daily. Information describing these data is shown in the table 1.  
Option Data 











Corn 2010-2018 July and Dec 18 6.65 201 10¢ 
Lean Hogs 2015-2018 April, June, 
Oct, and Dec 
14 7.96 201 2¢ 
WTI Crude 
Oil 
2010-2018 June and Dec 18 8.056 81 $1 
Table 1 
The April 2015 and June 2015 contracts for Lean Hogs were excluded from this study because 
for unknown reasons the futures settlements were in place of the option settlement prices for a 
number of days. The interest rate used comes from daily LIBOR futures settlements. All of these 
data were obtained from Barchart. The time periods chosen for each commodity were selected 
because it was the oldest options data that Barchart had. These commodities were selected 
because of the uniqueness of each market. The July and Dec contracts were chosen for corn 
because of the function of each contract. Typically the Dec contract prices the new crop of corn 
coming from the harvest. July is the period of highest summer weather volatility. These two 
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contracts have different price determinants and different levels of volatility making them 
interesting for the study. Hog futures have a large seasonality in their prices. Due to this feature, 
it was important to study contracts across the forward curve. The June and Dec crude contracts 
were chosen because of their importance in the crude complex. They both have the highest 
volume traded and the June contract reflects the demand for crude for the summer driving season 
while the Dec contract represents the demand for heating oil which is a byproduct of crude. 
2.2 Crude Oil: 
Oil is a storable commodity with the largest futures trading volume of the three markets. 
Physical oil trading transforms the commodity through space, time, and form. The demand for 
oil is very seasonal. In the summer months, the demand is driven by the summer driving season 
and increased consumption of gasoline. In the winter, the demand is driven by the demand for 
heating oil. If it becomes extremely cold then the price of oil tends to rise. Oil trading is done by 
large multinational corporations such as Exxon Mobil, British Petroleum, Chevron, Trafigura, 
and others. There are many barriers to entry in the physical market as it is very capital intensive.  
WTI oil futures are settled physically and can be delivered to any pipeline or storage 
facility in Cushing, OK. Wang, Wu, and Yang (2008) find that oil volatility increases in the 
weeks immediately before an OPEC event recommending price increases. Miao Et al. (2017) 
find that the U.S. Energy Information Administration Weekly Energy Stocks report affects 
option prices. The option markets are also among the most heavily traded, as measured by open 
interest. Figure 2 is provided by CME. One contract for crude oil is 1000 barrels with a tick size 
of one cent. Commercial option OI is typically around 11% which is low compared to the other 
two markets examined in this study. This is an important measurement as it shows that the option 
markets are commercially relevant. The other group showing high option OI is the swap dealers. 
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These swap dealers are often trading in the option markets to lay off risk that they have gained 
through an OTC derivative trade with a commercial counterparty. In essence these swap dealers 
represent flow through interest in the option markets from commercials. The yellow line 
represents the futures price. The lightly shaded regions represent the cumulative spread option OI 
by swap dealers, managed money, and other reportable (proprietary or “prop” and market 






Figure 2 Provided by CME 
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The strikes per day obtained for this study for the June contract are shown in figure 3. This 
illustrates how strikes were gathered for the study as well as the depth of the data.  
 
Figure 3 
The strikes per day obtained for this study for the Dec contract are plotted in figure 4. 
 
Figure 4  
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The strikes per day shown in figures 3 and 4 illustrate when the study is collecting option data and when it is not. The futures price for 
each crude oil contract in the time interval selected is plotted in figure 5. The black lines are the June contracts and the red lines are 





The ATM (at-the-money) option implied volatility for each crude oil contract in the time interval selected by this study is plotted in 
figure 6. The black lines are the June contracts and the red lines are the Dec contracts. At-the-money options have a strike equal to or 






Corn is also a storable commodity. Physical corn trading involves moving the commodity 
through space, time, and form. About 36% of the corn crop is used for feed and 40% of the crop 
is used for ethanol. Corn’s growing season is in the summer for the northern hemisphere and is 
typically harvested from September to November, however it is consumed year-round. This 
seasonal supply and continuous demand create a significant emphasis on storage. The physical 
corn market is currently dominated by four large firms; ADM, Bunge, Cargill, and Louis 
Dreyfus, otherwise referred to as the ABCDs. Corn futures are highly sensitive to storage of 
previous crop years as well as USDA reports concerned with crop production. There is also a 
strong seasonality pattern in volatility. From November to March there are not many production 
impacting events thus volatility tends to be lower. However, during the summer months, there 
are many reports and weather events that constantly impact the expectations of the current corn 
crop. These events unique to the summer tend to cause higher levels of realized volatility. Since 
2010, OI for corn options has ranged between 500k and 800k contracts. One futures contract is 
5000 bushels with a tick size of a quarter of a cent. However, in 2012 the United States 
experienced a major drought and as a result, corn futures reached new heights. In addition, OI in 
corn option markets also reached new heights. During 2011, the U.S. corn crop also experienced 
poor yields and had the same result in option OI. Figure 7 is provided by CME and describes the 
OI of corn options. The futures price is represented by the yellow line. The lightly shaded 
regions represent the cumulative spread option OI by swap dealers, managed money, and other 
reportable (prop and market makers). The shorter bars with the darker shading represent long and 




Figure 7 Provided by CME
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The strikes per day for the July contract are plotted in figure 8. This illustrates how strikes were 
gathered for the study as well as the depth of the data. 
 
Figure 8  
The strikes per day for the Dec contract are plotted in figure 9.  
 
Figure 9  
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The futures price for each corn contract in the time interval selected by this study is plotted in figure 10. The black lines are the July 





The ATM option implied volatility for each corn contract in the time interval selected by this study is plotted in figure 11. The black 





2.4 Lean Hogs: 
Lean hogs are a relatively non-storable commodity. Frozen storage exists however it is 
expensive and there are limits to how long a cut can stay in frozen storage. There is a strong 
seasonality to the price of hogs, as its usage increases dramatically in the summer. Hog farming 
is largely done on contract in the US. Roughly 80% of contracts determine their price through a 
formula. The remainder of the time the price is either negotiated or the hogs are packer owned. 
The futures themselves settle financially against an index comprised of negotiated and formula 
prices. There are many standardized USDA reports released relevant to hog markets. However, 
they are often not market moving as they do not have great forecasting power. These reports 
become most relevant when a contract comes within 10 trading days of expiry. The only USDA 
report regarding hogs with great forecasting power is the Hogs and Pigs Report. This report is 
released quarterly and contains valuable information about total herd size as well as farrowing 
statistics. The lean hog markets are the smallest of the three markets in terms of option open 
interest. Open interest in the hog option markets typically is between 50k-100k contracts. One 
contract is 40,000 pounds with a tick size of 1/40 of a cent. Like corn, producers and 
commercials hold about 20% of the open interest.  
Figure 12 is provided by CME describing the hogs option OI. The yellow line represents 
the futures price. The lightly shaded region represents the cumulative spread option OI by swap 
dealers, managed money, and other reportable (prop and market makers). The shorter bars with 




Figure 12 Provided by CME 
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The strikes per day obtained for this study for the April contract is plotted in figure 13. This 
illustrates how strikes were gathered for the study as well as the depth of the data. 
 
Figure 13  





The strikes per day obtained for this study for the Oct contract is plotted in figure 15. 
 
Figure 15  
The strikes per day obtained for this study for the Dec contract is plotted in figure 16. 
 
Figure 16  
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The futures price for each lean hogs contract in the time interval selected by this study is plotted in figure 17. The black lines are the 





The ATM option implied volatility for each lean hogs contract in the time interval selected by this study is plotted in figure 18. The 






2.5 Data Procedures: 
This research also requires an estimate of implied volatility. It should be noted that the 
options are American, meaning they can be exercised at any time. However, there are no 
dividends paid in commodity futures, thus it is mathematically suboptimal to exercise the option 
early. As a result, it is appropriate to use a European model, and thus the Black Scholes measure 
of implied volatility is calculated every day for each strike. Unfortunately, there is no closed-
form solution for computing implied volatility consequently a minimization algorithm must be 
used. This research uses a function in the RQuantLib package in R. The precision of the 
algorithm was measured and the results are in table 2. In order to assess the precision, options 
were priced using known volatilities. Then the algorithm was used to compute an implied 
volatility measure. The absolute value of the difference between the implied volatility and the 
volatility initially inputted in the computation of the option price is then recorded as the error. 
Implied Volatility Algorithm Precision Test 
Class Mean Absolute Deviation Standard Deviation Maximum 
Call 5.961324 E-8 9.501457 E-7 .000134766 
Put 5.025594 E-8 3.504515 E-7 .000050754 
Table 2 
N=41,000 
A normal level of implied volatility is typically considered to range from .1 to .5. This table re-
enforces the precision of this algorithm. The alternative for calculating implied volatility at each 
strike is to derive an implied distribution. Deriving the implied distribution tends to more clearly 
define the market’s expectation as well as describe the tails of the distribution. However, this is 
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not often done on trading desks and traders more often think about the distribution in terms of 
the volatility skew. 
It is not uncommon for an option to have non-zero open interest but to have no trade 
volume on a particular day. This scenario requires a settlement price to properly make margin 
calls. To obtain a settlement price, the exchange has two different procedures. The following 
detail was obtained from the CME website describing the procedures.  
“In-the-money options are settled automatically by the Exchange in accordance 
with the put-call parity equation, taking into account the appropriate cost of 
carry. The cost of carry is rounded to the nearest minimum increment of the 
underlying futures contract.  For all products, the interest rate used will be the 
rate on the Overnight Index Swap (OIS) curve corresponding with the expiration 
date for each contract. CME Group staff determines the daily settlements for the 
out of the money options based on market activity throughout the day, on all 
venues (including, but not limited to, CME Globex, CME ClearPort, CME Direct 
and the trading floor, as applicable). Once the underlying futures have been 
settled the implied volatility skews will be used in conjunction with the futures 
settlement price to derive settlement prices for the options.” 











3.1 Theoretical Framework: 
The research done in this thesis requires a strong background in the Black Scholes model. 
The Black Scholes model develops rational option pricing theory using a risk neutral framework. 
The risk neutrality is achieved through delta hedging. Next, this thesis will go through the 
computation and interpretation of each greek measure that is studied in this thesis. Lastly, the 
empirical framework to measure hedge error is developed.  
The Black Scholes (1977) model makes a few important assumptions. First, there is a 
constant riskless rate at which one can borrow and lend represented by r. Second, the underlying 
asset has constant and known volatility represented by σ. Third, the asset does not pay any 
dividends, does not have any cost of carry, and can be traded with no transaction costs in any 
fractional size. Lastly, the price of the underlying asset follows geometric Brownian motion. In 








Where S is the price of the underlying asset, µ is the drift, σ is the standard deviation, and W is a 
Wiener process which essentially mathematically describes random bouncing. The variance of 
the process W over any time period T is T with zero mean. The payoff of an option at maturity is 












𝑑𝑆 + ⋯ 
(2) 







(𝜇𝑆𝑑𝑡 + 𝜎𝑆𝑑𝑊) +
𝜕 𝑉
𝜕𝑆
(𝜇 𝑆 𝑑𝑡 + 2𝜇𝜎𝑆 𝑑𝑡𝑑𝑊 + 𝜎 𝑆 𝑑𝑊 ) + ⋯ 
(3) 



















Consider a portfolio of a short option position and long [ ] shares of the underlying at time t. 
The value of this portfolio Π is described in equation 5. 





Over a time period [T, T + Δt], the change in the value of the portfolio can be represented by 
equation 6.   





































Recall the only random variable in equation 5 was W with a variance of T. Equation 6 now lacks 
the W term which effectively eliminates uncertainty, thus making the portfolio riskless. By the 
rule of no arbitrage, the return on the portfolio must equal the riskless rate of return, r. Therefore,  
ΔΠ = 𝑟ΠΔ𝑡 
(9) 
Substituting equation 8 into equation 9 yields equation 10. 
r(−V + S) Δ𝑡 = (− − 𝜎 𝑆 )Δ𝑡 
(10) 












− 𝑟𝑉 = 0 
(11) 
Equation 11 holds for any financial derivative as long as the price function V is twice 
differentiable with respect to S. This equation will be used to price puts and calls. In order to 
solve this PDE, the boundary conditions described in equation 12 are applied. The partial 
derivatives in equation 11 are termed the greeks. This thesis examines the impact of using these 
measures to hedge option portfolios.  
31 
 
𝐶(𝑆, 𝑇) = max(𝑆 − 𝐾, 0), 
𝐶(0, 𝑇) = 0, 
lim
→
𝐶(𝑆, 𝑡) = 𝑆 
(12) 
K represents the strike price. The PDE with these boundary conditions has the solution described 
in equation 13.  
𝐶(𝑆, 𝑡) = 𝑆𝑁(𝑑 ) − 𝐾𝑒 ( )𝑁(𝑑 ) 










𝑑 = 𝑑 −  𝜎√𝑇 − 𝑡 
(13) 
N(.) is the cumulative normal distribution. Put-call parity can be used to find the pricing function 
of the put, now that there is a pricing function for the call and it is described by equation 14.  
𝑃(𝑆, 𝑡) = 𝐾𝑒 ( )𝑁(−𝑑 ) − 𝑆𝑁(−𝑑 ) 
(14) 
 An important error in this model is that one parameter necessary to price an option, 
volatility, is not observable. The strike, interest rate, price of the underlying, and time to expiry 
are all easily observed or computed. The true volatility of the underlying cannot be known and 
has been shown to be non-constant. However, one can observe the price of the option thus the 
implied volatility can be solved. This volatility measure is known as option implied volatility. It 
has also been observed that implied volatility is non-constant across strikes for options with the 
same expiry. These are often referred to as volatility skews or smiles.  
The theory laid out above shows the importance of the greeks. It is shown that a 
continuously delta hedged portfolio is riskless in the Black Scholes world. The term delta (Δ) 
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represents the sensitivity of an option’s price to a change in the price of the underlying as shown 






The traditional computation of delta for puts and calls is shown in equation 16,  
 
Δ = 𝑁(𝑑 ) 
Δ = 𝑁(−𝑑 ) 
(16) 
where Δc and Δp represent the delta of a call and put respectively. Delta is the most important 
greek as it is also often the largest. Also, the underlying asset is often more volatile than the other 
parameters, i.e. the interest rate, the implied volatility, and the time to expiry. Put-call-parity 
states that a long call and a short put with the same strike and expiry is the same as owning the 
stock less the discounted strike price. It can be mathematically represented by equation 17.  
𝐶 − 𝑃 = 𝑆 − 𝐾𝑒 ( ) 
(17) 
Differentiating equation 17 with respect to the underlying yields equation 18.  
Δ − Δ = 1 
(18) 
 The term gamma measures how delta changes with respect to changes in the underlying 








A long or short gamma position is what traders often seek when they wish to take a position on 
realized volatility being greater or less than option implied volatility. Gamma is the same for 






where N’(.) represents the probability density function of the normal distribution.  
 Vega (ν) measures the sensitivity of an option’s price to a change in implied volatility, as 






Vega is typically interpreted as the gain or loss if the implied volatility rises by 1%. It is very 
important to option traders who seek to bet on the movements in implied volatility. A popular 
strategy to gain delta-neutral vega exposure is to buy or sell ATM option straddles. Vega is also 
the same for puts and calls of the same strike and expiry and is computed by equation 22.  
ν = 𝑆𝑁′(𝑑 )√𝑇 − 𝑡 
(22) 
Rho (ρ) measures the sensitivity of an option’s price to a change in the risk-free interest 






Rho is of lesser importance to most traders unless they are specifically trading derivatives on FX 
or interest rate products. Rho is different for puts and calls and is represented by equation 24.  
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ρ = 𝐾(𝑇 − 𝑡)𝑒 ( )𝑁(𝑑 ) 
ρ = −𝐾(𝑇 − 𝑡)𝑒 ( )𝑁(−𝑑 ) 
(24) 
 Theta represents the time decay of an option. As each day passes, an option loses value if 
the other parameters do not change, thus theta measures the change in an option’s value relative 





𝜏 = 𝑇 − 𝑡 
(25) 








+ 𝑟𝐾𝑒 ( )𝑁(−𝑑 ) 
(26) 
One way to take advantage of a long gamma position is through what is known as gamma 
scalping. Gamma scalping, or capturing gamma, is a vital tool for option traders. Suppose a 
trader is long gamma through the purchase of an ATM straddle. The delta of this portfolio at 
inception is near zero. As the underlying increases in price, the delta of the position becomes 
positive. To offset the Δ, the trader sells the underlying to bring the portfolio back to a delta-
neutral position. As the underlying asset’s price declines, the trader unwinds their short hedge 
position and realizes a profit from selling high and buying low. A similar tactic can be applied 
with a price decrease beyond the strike of a straddle. In this case, the trader will have to buy the 
underlying to neutralize the deltas. In essence, gamma scalping allows the trader to bet on mean 
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reversion with protection from their option position. This practice is common in the option 
trading industry and many traders consider this a way to “pay for theta”.  
Hedge error is most simply thought of as the volatility that remains after hedging. To 
better understand hedge error, suppose a market maker is short an arbitrary amount of calls on 
corn. They wish to hedge the position and to do so they buy and sell the appropriate options to 
offset their vega and theta risk. The market maker would then sum the rho of the option positions 
and offset it with interest rate futures. Lastly, the market maker would sum up the delta of the 
option positions and offset it with the underlying futures.  
Beyond the assumptions of the underlying’s stochastic process, the BS model assumes a 
log-normal distribution for returns. However, returns from financial securities often have 
skewness and kurtosis unaccounted for by the log-normal distribution. Vahamaa (2003) 
examines another alternative measure of the greeks. Vahamaa calculates greek measures which 
account for skewness and kurtosis. The adjusted model was provided by Corrado and Su (1996). 
Interestingly, no matter the moneyness or tenor, the hedging errors were larger for the model that 
accounts for skewness and kurtosis as opposed to hedging with BS. Vahamaa defines hedging 
errors as described in equation 27. 
B = 𝐶 − 𝛥 𝑆  
B = 𝑒 𝐵 + 𝑆 (𝛥 − 𝛥 ) 
ε = 𝛥 𝑆 − 𝐶 + 𝑒 𝐵  
(27) 
The first line in equation 27 represents the initial value of the portfolio, a long derivative position 
(C0) and a short delta position in the underlying (S0). The second equation represents the value of 
the portfolio at time t. The 𝑒 𝐵  represents the present value of the previous time periods 
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portfolio Bt-1, which includes previous delta hedge profits and losses and the initial price of the 
option, C0. Thus the ε term represents the value of the delta hedge portfolio at time t plus the 
summed profits and losses of the delta hedges and the initial price of the option C0. In theory this 
portfolio should be worth zero thus any deviation from zero is recorded as the error, ε.   
Alternative option pricing models are studied by Duan, Ritchken, and Sun (2003). The 
authors investigate the hedging effectiveness of the models by testing out-of-sample historic 
data. The models tested are; Black Scholes, NGARCH, NGARCH-jump model, RNGARCH-
jump model, and the G-Merton model. The hedging effectiveness is compared to an unhedged 
position. The research suggests that the effectiveness of the models do not differ however they 
are significantly better than the unhedged position. The authors define hedging errors by 
equation 28. 
π(n; k) = (𝐶 − 𝐶 ) − 𝛥 (𝑆 − 𝑆 ) −   𝑟(𝐶 − 𝛥 𝑆 )𝛥  
(28) 
The (Cn+k – Ck) term on the RHS can be thought of as the change in the price of the derivative 
over some period of time, n. The first summation term is the gains or losses from the delta 
hedge, and the last summation provides the interest earned or owed on the financing of the 
portfolio. In Hutchinson (1994), the hedge error is defined as the absolute value of the summed 
P&L of the hedged portfolio over a certain time period n. In theory, the P&L of the hedged 
portfolio should be zero thus the absolute value of P&L was recorded in the end.  
These papers all define the hedge errors as a cumulative P&L of the hedge and option 
portfolio over periods greater than one day, and account for the present value. Hedge error in this 
thesis is defined as the difference in the change of the option price and the change in the value of 
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the hedge portfolio over one day. Defining the hedge horizon as a single day more accurately 
reflects the hedging habits of market participants and allows for easy extrapolation over longer 
periods of time.  
3.2 Empirical Framework: 
 In order to assess the hedge errors some assumptions need to be made. First, it must be 
assumed that the underlying futures can be traded in fractional quantities. This assumption, 
although incorrect, has minor implications for the estimation of the errors if the position is 
sufficiently large. The largest amount of delta that could remain in absolute terms is .5. If the 
option position is just 1, then this could represent a rather large residual delta relative to the size 
of the position. The larger the position becomes, the smaller the residual delta becomes relative 
to the size of the position. Second, it must be assumed that LIBOR futures accurately reflect the 
carrying cost of replicating the arbitrage portfolio. More importantly, it assumes that changes in 
LIBOR futures accurately represent the changes in the cost of capital incurred by the trader.  
It must be assumed that each greek can be hedged “linearly” or that any second order 
derivative of the pricing function of the instrument used to hedge a greek is zero or near zero. 
For hedging delta with the underlying, this is true. The price function for the underlying is 
simply S, which has a second derivative of zero. Interest rate futures are often used to hedge rho, 
the pricing function is simply r. Again the second derivative relative to any single variable is 
zero. Theta does not have an instrument that can be used to hedge linearly, however its relatively 
predictable nature makes it easier to hedge. There is no instrument that can be used to easily 
hedge vega. One common strategy to hedge vega is through the purchase or sale of long-dated 
straddles. This decreases the cross derivative with respect to the underlying and implied volatility 
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itself, essentially “flattening” the first derivative of the pricing function with respect to the 
underlying and implied volatility. This hedging strategy introduces additional greek risk.  
Finally, futures markets have price limits and option markets do not. This creates a 
unique asymmetry. While the futures markets halt trading at a certain price limit, the option 
markets can continue to quote beyond the price limit. This creates a natural hedge error as the 
option settlement will not be related to the futures settlement. The data will show this as a large 
increase in implied volatility. So the hedge error will look large if there is no vega hedge. 
Additionally, the error of the vega hedge will be larger than it should be as the second order 
move will be larger than it would be without the price limits. Limit moves are most common in 
the lean hogs market in the data set used in this thesis.  
The goal of hedging is to match the P&L of the option position with the P&L of the 
hedge portfolio such that the gains or losses offset one another. Consider a simple portfolio 
containing a long option position and a short delta hedge. The value of that portfolio is 
represented by Π in equation 29. 
Π = 𝑉 − 𝛥 𝑆 
(29) 
The V represents the price of the option, the S represents the underling, and ΔBS represents the 
delta of the option as measured by the Black Scholes formula. The value of the portfolio one day 
later is represented by  Π’ in equation 30. The ’ symbol represents a new observation.  
 




It follows then that the P&L of this portfolio over a one-day time period is represented by 
equation 31 and 32. 
Π − Π = (𝑉 −  𝛥 𝑆 ) − (𝑉 − 𝛥 𝑆) 
(31) 
Π − Π = (𝑉 −  𝑉) − 𝛥 (𝑆′ − 𝑆) 
(32) 
The (V’ - V) represents the P&L of the option position while the ΔBS(S’ - S) represents the P&L 
of the hedge position. In addition to delta, this thesis includes vega, theta, and rho. The value of 
a portfolio that includes those hedges is represented by equation 33.  
Π = 𝑉 − 𝛥 𝑆  – 𝜈 𝜎 – 𝜃 𝑇 −  𝜌 𝑟 
(33) 
In equation 33, σ represents the Black Scholes measure of option implied volatility for that 
option, T represents the time to expiry, and r represents the risk-free rate. The νBS represents the 
BS measure of vega, ρBS represents the BS measure of rho, and θBS represents the BS measure 
of theta. This hedge portfolio can be represented by H in equation 34. 
H = 𝛥 𝑆  + 𝜈 𝜎 + 𝜃 𝑇 + 𝜌 𝑟 
(34) 
The P&L of the hedged option position is thus represented by equations 35 and 36.  
Π − Π = (𝑉′ −  𝛥 𝑆’– 𝜈 𝜎’ – 𝜃 𝑇′ −  𝜌 𝑟’) − (𝑉 − 𝛥 𝑆  – 𝜈 𝜎 – 𝜃 𝑇 −  𝜌 𝑟) 
(35) 
Π − Π = (𝑉 − H′) − (𝑉 − H) 
(36) 




Π − Π = (𝑉 − 𝑉) − [𝛥 (𝑆 − 𝑆) – 𝜈 (𝜎 − 𝜎) – 𝜃 (𝑇 − 𝑇) −  𝜌 (𝑟 − 𝑟)] 
(37) 
Π − Π = (𝑉 − V) − (𝐻′ − H) 
(38) 
As stated earlier, this P&L represented in equation 37 and 38 should theoretically be zero. 
Hutchinson et al. note that the sign of the hedge error does not matter because it doesn’t matter 
that the option was under-hedged or over-hedged, it just matters that the hedge missed its target. 
To represent that effect this study will use the absolute value of the hedge error as described in 
equation 39.  
𝜀 = |(𝑉 − V) − (𝐻′ − H)| 
(39) 
In order to make in-the-money options comparable to out-of-the-money options, a percentage of 
the previous day’s option price to represent the hedge error is used as shown in equation 40. 
ε =




This method of hedge error measurement is not the only viable method and has 
implications for the results. Suppose an option has a value as low as a few ticks. A tick is the 
minimum price increment. A true delta hedge likely will not match with the tick value of the 
option and miss. This fraction of a tick miss could represent a hedge error as much as 20-50%. 
This could be present in the results of this thesis. Of the samples selected, 1.87% of corn options, 
0.11% of hog options, and 0.02% of crude oil options have prices of 5 ticks or less. 
Second, this is not the only method. In theory the greeks are a mechanism to relate the 
options to the underlying. One could derive the RNVM and derive an implied mean from the 
options price. This implied mean often does not perfectly line up with the futures price and this 
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could be recorded as a type of error in the empirical relationship between the options and the 
futures.  
 Moneyness is the relationship of an option’s strike price to the price of its underlying. An 
option is said to be in-the-money if the intrinsic value of the option is positive. The intrinsic 
value of an option is what the option is worth if it were to expire at that moment. Call options 
with an underlying greater than the strike (S>K) are in-the-money. Puts options with an 
underlying less than the strike (S<K) are in-the-money. Calls are out of the money if S<K and 
puts are out of the money if S>K. Moneyness is measured in this paper as S/K for calls and K/S 
for puts. This method of measurement is consistent with the literature. Any option with 
moneyness greater than 1 is considered in-the-money and any option with moneyness less than 1 
is considered out of the money. The moneyness of an option is an important feature as out-of-
the-money options aim to estimate the expected values of the tails of a distribution. This is a 
difficult task from a statistical standpoint. It is reasonable to assume any estimates, including the 
greeks, concerning out-of-the-money options contain more error than estimates of in-the-money 
options. An in-the-money option has a small gamma relative to its delta. This means that the 
option’s delta is more constant relative to an out-of-the-money option. This makes for simpler 
hedging thus less hedge error, in theory. Consequently, this thesis hypothesizes a negative 
relationship between moneyness and hedge error. In essence, the hypothesis is that out-of-the-
money options have a higher hedge error.  
Tenor refers to the time to expiry of an option. Tenor has an important effect in option 
pricing as Black Scholes states that the volatility is time additive. In essence, this means that 
events further out are more uncertain. More uncertainty suggests that there could be more error 
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in the estimates of the greeks. Due to this feature, this thesis hypothesizes that tenor has a 
positive effect on hedge error.  
Preliminary examination of the data shows non-constant variance as well as non linear 
relationships between the dependent and independent variables. For these reasons, this thesis 
uses Newey-West estimators of standard errors. In order to measure how moneyness and tenor 
affect hedge error, the regression in equation 41 will be fit. In this thesis tenor will be measured 
in terms of years to expiry, or days to expiry divided by 365. 
𝐸(ε|M, T) = 𝛽 + 𝛽 𝑀 + 𝛽 𝑇 
(41) 
where T is the time to expiry measured in years and M is the moneyness. The coefficients will be 
estimated with OLS estimates.  
 This study examines two unique contract months for both corn and crude oil. In order to 
examine the effects that these different contracts have on the hedge error, a dummy variable is 
included which is a 1 if the contract month is Dec and 0 if it is not. The model for these 
commodities is described in equation 42. 
𝐸(ε|M, T, Dec) = 𝛽 + 𝛽 𝑀 + 𝛽 𝑇 + 𝛽 𝐷𝑒𝑐 
(42) 
 An obvious factor impacting hedge error is the following day’s realized volatility. It is 
very difficult to predict the next day’s realized volatility. However, in the corn futures market, 
the effect of USDA announcements on realized volatility is well documented. In order to account 
for that, a separate model will be fit with a dummy variable for USDA announcements as shown 
in equation 43. 




The announcements included in this study are: grain stocks, WASDE, prospective planting, and 
acreage. USDA announcements are released during the trading day.  
 This thesis also investigates which subset of the greeks provides an optimal and 
economically significant reduction in volatility. In order to do that, the average hedge error of 






Delta, Vega, Rho 
Delta, Vega, Theta 
Delta, Vega, Gamma 
Delta, Vega, Theta, Gamma 
Delta, Vega, Theta, Rho 
Delta, Vega, Theta, Rho, Gamma 
Naked 
Table 3 
After these average hedge errors are computed, the remaining variance will be computed as a 
percentage of the average unhedged error. In this measure, the variance reduction can be 
compared across option classes and commodities. The results are undoubtedly related and some 
statistical comparison is required. The results will show hedge error does not follow a normal 
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distribution thus a non-parametric test must be used. The Kolmogorov-Smirnov test is used to 
show statistical significance.  
More important than statistical significance is economic significance. Economic 
significance dictates whether a practitioner should care about the results. Economic significance 
is what makes the results worth action. Each trader has their own unique risk aversiveness and 
trading costs, thus there is no correct answer to the tradeoff of hedging more (trading more), and 
risk reduction. However, it is easy to see how additional hedging reduces a portfolios annual 
realized volatility and how that reduction stacks up to more well-known realized volatilities seen 


















4.1 Regression Results Introduction: 
This chapter investigates the effects of observable variables on hedge error. Recall that 
the hedge error is defined in equation 40 below. 
ε =
|(𝑉 − V) −  (𝐻 − H)|
𝑉
 
In theory hedging should offset the profits or losses of an option position. The absolute 
value of any profit or loss on a hedged option position will be recorded as hedge error. This is 
because an equally underhedged or over hedged option position leads to an equal amount of 
hedge error. The absolute value of the P&L is then divided by the previous day’s option price in 
order to make in and out-of-the-money options comparable. Table 4 summarizes the computed 
hedge errors for positions with delta, vega, theta, and rho hedged, along with the unhedged 







Average Hedge Error 
 Hedged Unhedged 
Commodity\Class Mean Median St dev Mean Median St dev 
Corn Calls 0.6756% 0.1094% 2.5811% 10.6372% 7.1006% 13.2631% 
Corn Puts 0.7366% 0.1720% 2.3797% 9.1967% 5.9155% 11.5558% 
Hog Calls 0.7658% 0.1045% 7.329% 9.8891% 6.5693% 11.8184% 
Hog Puts 0.6471% 0.1861% 1.725% 9.4150% 5.9390% 10.3981% 
Crude Calls 1.1603% 0.2697% 6.3796% 13.8237% 10.1373% 13.9268% 
Crude Puts 1.1361% 0.3577 3.6336% 13.3692% 9.7808% 13.3414% 
Table 4 
The hedge errors vary in magnitude across commodity more than across the class of option. This 
result is likely due to different levels of realized volatility. During this time period crude has the 
highest realized volatility at 27.94%, while hogs and corn have a realized volatility of 22.1% and 
23.37% respectively. The medians of the hedge errors are much lower than the averages. This 
finding implies a right skew to the distribution which is to be expected given the nature of 
distributions in day to day realized volatility.
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4.2 Corn Regression Results: 
Recall that in this thesis, tenor is measured as years to expiry. Figure 19 is a scatterplot of hedge error vs tenor for corn calls. 
 
Figure 19 
The outlier in this graph occurred on 10/14/2014 on the 2014 Dec corn contract. The futures price rose 11 cents that day from the 
previous days close to $3.57. This was not a report day. 
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Figure 20 is a scatterplot of hedge error vs tenor for corn puts. 
 
Figure 20 
The largest outlier in this plot occurred on 5/22/2012 on the 2012 July corn contract. On that day, the corn futures prices fell 36 cents 
per bushel from the previous days close. 
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Each regression was run separately for puts and calls for each commodity. The puts and calls 
were not pooled because separating them gives more information. The tables below contain the 
regression results for corn hedge errors. Recall that hedge error is defined as the remaining 
volatility after hedging delta, vega, theta, and rho. To address the data breaking the assumptions 
of OLS, this thesis uses Newey-West estimates of standard errors for all commodities.  
Corn Calls Errors Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .1075659 .0132931 8.0919 6.15 E-16 
Moneyness -.0912577 .0122718 -7.4364 1.07 E-13 
Tenor -.0244491 .0022782 -10.7317 2 E-16 
Dec .0011265 .0008378 1.3447 .1787 
USDA .0124276 .0030592 4.0624 4.87 E-5 
Table 5 
N=24,016 
Corn Puts Errors Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .10699 .011615 9.2111 2 E-16 
Moneyness -.08916 .010435 -8.5444 2 E-16 
Tenor -.02577 .002116 -12.179 2 E-16 
Dec -.00008953 .000744 -0.1203 .9043 





For corn, the signs and statistical significance are similar for both calls and puts except for the 
Dec variable. The moneyness variable indicates that for every additional 1% that an option is out 
of the money, the hedge error increases by .091% for calls and .089% for puts. It is not 
uncommon to carry option positions that are 10% out of the money or greater. According to the 
results, this would indicate that the portfolio could experience a hedge error near 1%. Recall that 
hedge error translates into unmanaged volatility for a trader. A hedge error of 1% per day results 
in an average annual realized volatility of 15.87%. The coefficients for tenor are around -.025 
which indicates that for every month closer to expiry, the hedge error increases 0.21%. An 
excess 0.21% percent per day leads to an additional 3.31% annual realized volatility.  
The inconsistent sign with the Dec contract dummy variable and lack of statistical 
significance suggests that the contract month likely does not have an impact on hedge error. 
Finally, the results show that hedge error increases by about 1% if it is a USDA day for both puts 
and calls. This thesis has already stated that an additional 1% hedge error per day results in an 
average annual realized volatility of 15.87%. The R-squared measures for these models are 
.08857 for calls and .105 for puts. These very low R-squared values and highly statistically 
significant independent variables suggest that tenor, moneyness, and USDA announcements have 
a tangible impact on hedge error. However, they do not explain much of the variance in hedge 
error. The figures also seem to illustrate non-linear relationships which could be impacting the 
low R-squared values.  
Corn has a unique history studied in this thesis. From the July ’10 contract to the Dec ’13 
contract, corn experienced an average annual realized volatility of 28% as well as price levels as 
high as $8 a bushel, primarily due to droughts, and as low as $4 a bushel. The regressions were 
run for two separate time periods, 2010-2013 and 2014-2018 and the results were effectively the 
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same as the regression results seen in tables 5 and 6. In essence, the affects of moneyness and tenor on hedge error were stable 
throughout the drought. 
4.3 Lean Hogs Regression Results: 
Figure 23 is a scatterplot of hedge error vs tenor for lean hog calls. Note that the smallest tenor in the data set is .1 because the 










The outliers in figure 23 all occur on different days across different contracts listed in the table 
below. The outliers are defined as hedge errors greater than 200%. None of the dates in table 7 
correspond to a Hogs and Pigs report release date. All of these options had settlement values of 














Contract Date Futures Return 
October ‘15 9/3/2015 0.468% 
October ‘15 9/9/2015 0.21% 
April ‘16 3/3/2016 0.43% 
June ‘16 5/5/2016 0.61% 
October ‘16 8/26/2016 4.47% 
December ‘16 11/7/2016 2.06% 
December ‘17 11/8/2017 -0.59% 
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Figure 25 is a scatterplot of hedge error vs moneyness for lean hog calls. 
 
Figure 25  
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The tables below contain the regression results for lean hogs. Recall that hedge error is defined 
as the remaining volatility after hedging delta, vega, theta, and rho. 
Lean Hog Calls Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .113182 .014299 7.9153 2.85 E-15 
Moneyness -.088916 .011808 -7.5305 5.24 E-14 
Tenor -.032516 .003941 -8.2509 2 E-16 
Table 8 
N=22,413 
Lean Hog Puts Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .0707524 .005175 13.671 2 E-16 
Moneyness -.0542282 .004252 -12.753 2 E-16 
Tenor -.0204023 .001629 -12.524 2 E-16 
Table 9 
N=22,413 
The sign of the coefficients for hogs is the same as corn. The coefficients for moneyness suggest 
that moneyness is less impactful on the hedge error for hogs than it is for corn. One can interpret 
the moneyness results as showing that for every additional percent an option is out of the money, 
hedge error increases .088% for calls and .054% for puts. Tenor has a very similar effect for hogs 
and corn. For each month that passes, hedge error increases 0.17%. The R-squared is .01092 for 
calls and .1342 for puts. These R-squared values are extremely low which indicates a lack of a 
linear relationship and/or a lack of variance explained by moneyness and tenor.
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4.4 Crude Oil Regression Results: 
There are call hedge errors greater than 250% which occur on 4/12/17, 4/18/17, and 10/19/17. The futures price on these days moved 
less than 1.5%. These outliers are not dropped from the regressions. With a sample size of 12,229 for calls and 12,233 for puts, these 
outliers will not have an influence on the regressions. However the plots are made without them. Figure 27 is a scatterplot of hedge 





There is one put hedge error greater than 250% which occurs on 10/23/17, on this day the futures price moved .1%. Figure 28 is a 
scatterplot of hedge error vs tenor for crude oil puts without the outliers. All of the outliers across calls and puts have a value less than 
















 The results for the regressions for crude oil are in the tables. Recall that hedge error is defined as 
the remaining volatility after hedging delta, vega, theta, and rho. 
Crude Oil Calls Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .2024183 .0287143 7.0494 1.894 E-12 
Moneyness -.1747435 .0260583 -6.7059 2.09 E-11 
Tenor -.0731311 .0104732 -6.9827 3.046 E-12 
Dec -.0009335 .0016817 -0.5551 .5788 
Table 10 
N=12,229 
Crude Oil Puts Hedged with Delta, Theta, Vega, and Rho 
Variable Coefficient Std. Error T-Stat P-Value 
Intercept .15716 .017728 8.8651 2 E-16 
Moneyness -.1328354 .0159066 -8.351 2 E-16 
Tenor -.06419 .0089428 -7.1779 7.49 E-13 
Dec .0006298 .0013432 .4689 .6391 
Table 11 
N=12,233 
The number of observations for crude is smaller than corn and hogs because this study only 
includes 81 days per contract for crude in contrast to the 201 days for corn and hogs. Crude 
options contracts far from expiration do not have significant volume. The regression results show 
an R-squared for calls of .03131 and .06243 for puts. Again, this thesis observes very low R-
squared values as well as high statistical significance for the moneyness and tenor variables. This 
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result indicates that moneyness and tenor have significant impacts on hedge error but do not 
explain much of the variance in hedge error. The magnitude of the moneyness coefficient is 
larger for crude oil than other commodities. The same is true of tenor for crude oil. The results 
show that for every additional month of tenor on the option, the hedge error is reduced by .5% on 
a day to day basis. The Dec contract fixed effect showed no impact on hedge error. Recall the 
dec contract fixed effect aims to measure the effect of a contract month on hedge error.  
4.5 Regression Results Interpretation: 
Although the data display statistical significance, the question must be asked of economic 
significance. The coefficients are closer together within commodities than within calls or puts. 
The coefficients are between -.1747 and -.0542. Indicating that for every 1% that the option goes 
out of the money, the error of the hedge on a one day basis increases .0542% to .1747%. It is not 
uncommon to carry option positions that are 10% out of the money. Given the results, one could 
expect a hedge error near 1% per day. A hedge error of 1% per day results in an average annual 
realized volatility of 15.87%. 
As a comparison, the S&P 500 has an average annual realized volatility of 18% over the 
same period. This essentially shows that the difference in added volatility for a hedged ATM 
option position and a hedged OTM option position, is roughly equivalent to the S&P 500. This 
demonstrates that the effect of moneyness is economically significant. This result is consistent 
with the hypothesis of this thesis. 
 The effect of tenor is also statistically significant. Again, there is more similarity in the 
coefficients between calls and puts of the same commodity than the classes of options. These are 
both consistent with the results for moneyness. The coefficients lie between -.0731 and -.0204. A 
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practical interpretation of these results is that for every month that passes, a trader can expect 
their hedge to experience between 0.17% and 0.61% percent more hedge error. This equates to 
an increase between 2.7% and 9.7% additional annual realized volatility. The effect of tenor on 
hedge error is less economically significant than moneyness however should be considered. This 
result is inconsistent with the hypothesis of this thesis. 
 Hutchinson et al. find that tenor has a positive relationship with hedge error. This result is 
contrary to the result in this thesis. This is likely due to the different nature of equity markets and 
commodity futures markets. The Samuelson hypothesis states that realized volatility in 
commodity futures markets is higher in the more nearby months than the long-dated futures 
(Samuelson, 1965). This trend in the volatility likely dominates what affect may lurk from tenor 
that is observed in the equity markets by Hutchinson et al. In addition, they find that the farther 
out of the money the option is, the more hedge error there will be. However, their measure of the 
error is not a percentage of previous days option price thus it is not rational to compare the 
results.  
It should be noted that after visually inspecting figures 19-32, many basic assumptions of 
linear regression are violated. For one, there is non-constant variance. Secondly, the figures 
suggest non-linear relationships. Lastly, the residuals of the regressions are not normal. This 
thesis uses Newey-West estimates of standard errors to ensure the statistical validity of the 
regressions even with correlated residuals. Despite these violations in assumptions, linear 
regression is still a useful framework which to investigate the question of the impact of 
observable variables on hedge error. However, because of these violations in assumptions and 




The results have direct implications for the career that I will personally follow. To 
illustrate, suppose I seek to gain a simple delta neutral vega exposure and I am indifferent to a 
location on the skew. The simplest way to do this would be to buy or sell a call or put. This will 
require me to hedge delta. In this instance I wish to minimize hedge error for just delta. This 
thesis demonstrates that hedge error is larger for OTM options so I would likely pick an ATM 
option to gain the exposure I desire while minimizing hedge error. Further, if I am indifferent to 


















VOLATILITY REDUCTION RESULTS 
 
 The second research question asks which subset of greeks provides an optimal volatility 
reduction. In order to answer this, the average hedge error must be measured for each subset of 
greeks identified in table 3. Recall that the goal of hedging is to reduce or achieve a specific 
target risk of an option position. This question is mainly focused with how to best reduce the risk 
of an option position. Because it is impossible to have zero volatility remaining after hedging an 
option, it is important to understand how much volatility remains. This remaining volatility is 
measured by equation 46.  
𝜀 =














Equation 46 represents remaining volatility as a percentage of the average unhedged volatility. 
This was done to normalize the data and make the results more comparable across commodities. 
This implies the unhedged position has a remaining volatility of 100%. Recall the hedges here 
were established using previous days estimates of greeks and previous days settlements.  
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The results for corn are in table 12. The hedges were established with the previous days 
close prices and the previous days hedge parameters.  
Corn Remaining Volatility 
Subset(s) Hedged Calls Puts 
Delta 23.25% 28.55% 
Delta, Theta 23.62% 28.80% 
Delta, Vega 8.24% 9.53% 
Delta, Vega, Rho 8.21% 9.52% 
Delta, Vega, Theta 6.42% 8.16% 
Delta, Vega, Gamma 8.14% 9.72% 
Delta, Vega, Theta, Gamma 1.59% 1.97% 
Delta, Vega, Theta, Rho 6.35% 8.08% 
Delta, Vega, Theta, Rho, Gamma 1.48% 1.81% 
Table 12 
Recall that these hedges are constructed for a day-to-day time period. The table shows 
that the optimal set for reducing variance is to hedge delta, vega, theta, rho, and gamma. While 
delta, vega, theta, gamma is a close second. Although there is a statistical significance, including 
rho in the subset does not make an economically significant difference in reducing the hedge 
error. Statistical significance was measured with a two sample Kolmogorov-Smirnov test. Each 
hedge takes time and capital, thus it is important to recognize the “returns” from hedging an 
additional greek. The largest return is hedging delta. The second largest return is from adding 
vega to a delta hedge. The returns from additional hedges (adding theta, rho, and/or gamma) are 
marginal relative to the return from adding vega to a delta hedge.  
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The results for hogs are in table 13. 
Hogs Remaining Volatility 
Subset(s) Hedged Calls Puts 
Delta 29.0276% 27.1551% 
Delta, Theta 28.8559% 27.3975% 
Delta, Vega 8.9045% 7.2959% 
Delta, Vega, Rho 8.8656% 7.1871% 
Delta, Vega, Theta 7.8791% 7.1529% 
Delta, Vega, Gamma 9.2165% 7.0399% 
Delta, Vega, Theta, Gamma 3.9162% 2.0125% 
Delta, Vega, Theta, Rho 7.7435% 7.0728% 
Delta, Vega, Theta, Rho, Gamma 3.7673% 1.8379% 
Table 13 
 
The ordinality of the improvements in hedging results is nearly identical to corn. Both 
results suggest an indifference between delta hedging and delta theta hedging. Results from both 








The results for crude are in table 14.  
Crude Oil Remaining Volatility 
Subset(s) Hedged Calls Puts 
Delta 20.8481% 20.6396% 
Delta, Theta 20.0706% 20.3600% 
Delta, Vega 10.5368% 9.8812% 
Delta, Vega, Rho 10.5295% 9.8829% 
Delta, Vega, Theta 8.4020% 8.5125% 
Delta, Vega, Gamma 11.0232% 10.1875% 
Delta, Vega, Theta, Gamma 2.0991% 1.3463% 
Delta, Vega, Theta, Rho 8.3936% 8.4975% 
Delta, Vega, Theta, Rho, Gamma 2.0734% 1.3073% 
Table 14 
 The results for crude also suggest that the optimal set for minimizing hedge error is to 
hedge all five greeks. However, it is not statistically different from not including rho. Again, 
hedging rho results in marginal improvements in reducing hedge error and should not be 
considered an economically significant improvement. Again, the largest return is from adding 







 It is also useful to see how the variance reductions compare across commodities. Table 
15 shows the remaining variance averaged across puts and calls.  
All Commodities 
Subset(s) Hedged Corn Hogs Crude 
Delta 25.9042% 28.0914% 20.7439% 
Delta, Theta 26.2108% 28.1268% 20.2153% 
Delta, Vega 8.8894% 8.1002% 10.2090% 
Delta, Vega, Rho 8.8644% 8.0264% 10.2062% 
Delta, Vega, Theta 7.2900% 7.5160% 8.4573% 
Delta, Vega, Gamma 8.9308% 8.1282% 10.6054% 
Delta, Vega, Theta, Gamma 1.7763% 2.9644% 1.7227% 
Delta, Vega, Theta, Rho 7.2147% 7.4082% 8.4456% 
Delta, Vega, Theta, Rho, Gamma 1.6442% 2.8026% 1.6904% 
Table 15 
Regardless of the commodity, delta hedging provides the most significant reduction in 
volatility. Adding gamma or vega to a delta hedge provides the greatest further marginal 
reduction in volatility. However, it must be noted that hedging these additional greeks requires 
an additional option position. These options may have differing higher order derivatives thus the 
hedges don’t perfectly line up and could result in additional hedge error. Theta has the same 
pitfall. Delta and rho are able to be hedged with a linear payoff using the underlying and interest 
rate futures.  
Cheng et al. (2016) study empirical hedging performance on long-dated crude oil 
derivatives. Long-dated derivatives typically refer to derivatives with an expiration of more than 
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one year. The greeks in this study are computed using a stochastic volatility-stochastic interest 
rate model, derived in their study. The efficacy of the hedge is tested against a Monte Carlo 
simulation of geometric Brownian motion, not historical market data as used in this study. Then 
the root-mean-square errors of the P&L’s of the hedged portfolios are compared. The authors 
conclude that delta hedging the long-dated option with a futures contract closer to the option 
contract’s expiry reduces the hedging error. This result leads to fewer rolls of the hedge, thus less 
basis risk. They also find that delta-gamma hedging is more effective than delta-vega hedging. 
Delta-rho hedging only shows hedging improvements over delta hedging during periods of high 
interest rate volatility. However, adding a vega or gamma hedge to the delta-rho hedge 
deteriorates the hedge. The results from the Cheng et al. study differ from those of this study. 
This is likely due to different models, data, and methods. Cheng et al. find marginal 
improvements from a delta hedge to a delta-vega hedge however here the findings suggest a 
large improvement in hedge efficacy when adding vega to a delta hedge.  
Recall Bakshi et al. find that a stochastic volatility model leads to the most effective 
hedging relative to the other models studied. This conclusion parallels the findings of this thesis. 
A stochastic volatility model emphasizes the importance of vega hedging which this thesis finds 












Option hedging is an important practice which can reduce systematic risk across financial 
institutions. Studying best hedging practices as well as their flaws is important in order to better 
understand where the greatest unknown or traditionally unseen risks lie. Nassim Taleb speaks of 
the known unknown and the unknown unknown in his 2007 book titled The Black Swan: The 
Impact of the Highly Improbable (2007). He gives an example of a casino and claims the known 
unknown for them is the uncertainty in how much money they may make or lose in a given day. 
This profit and loss on the casino floor is guided by clear statistical distributions. They study this 
rigorously and are well aware of these risks. He then gives the example of the casino owner’s 
daughter being kidnapped and having a ransom demanded on her behalf as an unknown 
unknown. It is the unknown unknown which can often bankrupt a business. Hedging options 
helps to eliminate the known unknown risks. However hedging error can be an unknown 
unknown. This thesis contributes to that understanding by analyzing the magnitude of hedge 
error and its major impacts. 
This thesis answers two research questions. First, how does a set of observable variables 
affect the next day’s option hedging error? Second, does hedging more greeks always reduce the 
hedging error an economically significant amount? This study uses futures and option 
settlements for corn, hogs, and WTI crude. In theory, the difference in P&L should be zero if the 
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option position is perfectly hedged. Any deviation from zero is an error and the absolute value is 
recorded. Then, the absolute value is divided by the previous day’s option price to make the 
results comparable across moneyness. In order to determine the impact of a set of observable 
variables,  separate regressions are run for each commodity. These variables include moneyness 
and tenor for all commodities, fixed effects for contract month for corn and crude oil, and USDA 
announcement effects for corn.  
The findings indicate that moneyness of an option has a negative and economically 
significant effect on hedge error. This says that as the option gets farther out of the money, the 
hedge error increases. Tenor has a negative and less significant than moneyness. This means that 
as the option nears expiry, hedge error increases. Both of these results are consistent for calls and 
puts for different commodities. That is, the results are more similar within commodities than 
between puts and calls. However, the sign and significance are consistent for both puts and calls 
for all commodities. Also, USDA days have a positive and economically significant impact on 
hedge error for corn. This means that hedge error increases on USDA days. Lastly, the contract 
month was included in the regressions for corn and crude oil and it was determined that it does 
not have any effect on hedge error. These results are inconsistent with Hutchinson et al. whom 
state that tenor has a positive effect on hedge error. This could be due to the Samuelson effect. 
Due to differing measurement methods, it is not rational to compare the magnitude of the results 
of the effects of moneyness on hedge error between Hutchinson et al. and this thesis.  
The hedging effectiveness of the different subsets of greeks is also evaluated. Adding 
vega to a delta hedge has the largest reduction in hedge error. Rho and theta typically improve 
the efficacy of the hedge however not in an economically significant way. Gamma and vega have 
a great effect in reducing the error of the hedge however each require an additional option 
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position which can be costly from an execution standpoint and from a risk standpoint. These 
results are consistent across commodities and between puts and calls. These results are consistent 
with those of Bakshi et al. who find a stochastic volatility model to be optimal for hedging. 
Cheng et. al published a similar study to that done here. The results of that study do however 
differ but that is likely due to different data, methods, and models.  
The results from this study can benefit traders or risk analysts who wish to more 
accurately assess their exposures. Understanding the risk of a position helps a trader know how 
to appropriately size a position. As a trader, I have general guidelines for the maximum position I 
will take on a particular trade. These limits are determined by the perceived volatility of the trade 
itself. Evaluating the efficacy of hedging different subsets helps determine what is and is not 
important to hedge. Risk aversiveness differs by individual traders as do trading costs 
consequently there is no single answer to the tradeoff between cost and risk reduction. This study 
lays the groundwork for this process by estimating the volatility reduction achieved by hedging 
different subsets. Further research should address the optimal method for hedging vega, gamma, 
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